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Group Rings: Definition

Definition (RG)

RG=EDRe

geG
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The Isomorphism Problem for Group Rings

RG~RH=> G~ H
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The Isomorphism Problem for Group Rings

RG=RH= G~ H
First Proposed in [Higman 1940].
G, H abelian, |G| = |H| = CG= CH
Fix R, conditionson G,Hst. RG=ZRH=G=H

R=7, 7ZG=ZH= RGZ= RH for every R
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Positive results for R = 7Z

= Abelian groups [Higman 1940],
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Positive results for R = 7Z

= Abelian groups [Higman 1940],

= Metabelian groups [Whitcomb 1968],

= p-groups [Roggenkamp and Scott 1987],

= Nilpotent groups [Roggenkamp and Scott 1987],

= Abelian-by-nilpotent groups [§5 de Weiss 1988],

= Simple groups [Kimmerle et al. 1990],

= Supersolvable groups [Kimmerle 1991],

= Frobenius groups [Kimmerle 1991],

= Hamiltonian 2-groups [§9 de Milies and Sehgal 2002].
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Hertweck's counterexample

In 2001, Martin Hertweck presented a counterexample.

5

Angel Garcia Blazquez Universidad de Murcia



0000e0

Motivation |

Metabelian groups [Whitcomb 1968]
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Motivation |

Metabelian groups [Whitcomb 1968]

G metabelian if there is A< G s.t. A and G/A abelian.

G,H s.t. RG= RH for R field. [Brauer 1963]
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Motivation |

Metabelian groups [Whitcomb 1968]

G metabelian if there is A< G s.t. A and G/A abelian.

G,H s.t. RG= RH for R field. [Brauer 1963]

[Dade 1971]
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Motivation |l

G metacyclic if there is N < G s.t. N and G/N are cyclic.
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Motivation |l

G metacyclic if there is N < G s.t. N and G/N are cyclic.

[Baginski 1988], [Sandling 1996], F,G= F,H= G= H

7

Angel Garcia Blazquez Universidad de Murcia



[e]e]e]e]e] ]

Motivation |l

G metacyclic if there is N < G s.t. N and G/N are cyclic.

[Baginski 1988], [Sandling 1996], F,G= F,H= G= H

Char(0)?
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The Isomorphism Problem for Metacyclic Groups

G, H metacyclic:

QG=QH= G=H
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The Isomorphism Problem for Metacyclic Groups

G, H metacyclic:

QG=QH= G=H

Work in Progress.
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The Isomorphism Problem for Metacyclic Groups

G, H metacyclic:

QG=QH= G=H

Work in Progress. OK for nilpotent.
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The Isomorphism Problem for Metacyclic Groups

First, p-groups.
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The Isomorphism Problem for Metacyclic Groups

First, p-groups.

Abelian p-groups already done: [Perlis and Walker 1950].
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Information from QG

= The size of the group
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Information from QG

= The size of the group
= The abelianizer G/G
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Information from QG

= The size of the group
= The abelianizer G/G
= The number of conjugacy classes (=dimension of the center)

= The number of conjugacy classes of cyclic subgroups
(=number of simple componentes)
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Classification of metacyclic p-groups [Hempel

1<r<s<n
Prmn,rs = <a,b|apm = pr" = apsvab:al+p’>7 s<m<r+s
if p=2 then r> 2.

max(rbm—1)<s<m<n+r,

Nm.nrs = <a, =1, ' = 325, a’ = a_1+2r>, 2 < min(n, r)
s<n+r—lorm=s.
:<a, 2 :b2=1,ab:a*1>,withrz 3.
= <a, Qr_ =b =1, ¥ = 32’_2+1> ,with r > 4.
D;, = <a, 2,_ =b =1, ¥ = azr_2_1> ,with r > 4.
Qgr—<a b|a® o b2—a’72,ab=a_l>,withr23.
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Strategy

QG= Type of G777
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QG= Type of G777

QG = G777
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Strategy

QG= Type of G777
QG = G177

We know |G|, G/G, NCC and NCCC.
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Strategy

QG = Type of G777
QG = G777
We know |G|, G/G, NCC and NCCC.

Dor and Qor already studied
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Strategy |l

Dyr = <a, b 2 == 1,a" = a71> ,with r> 3.
<a7 b | a2r_1 = p = 1, ab = a2r_2+1> ,with r> 4.
Dy, = <a, bla¥  =h =13 = a2"2—1> with r> 4.

r—1 r—2 .
ab|la® =1,b=2 ,ab:a_1>,W|thr23.
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Groups of Type P

1<r<s<n,
Pm,,,’,,s=<a,b\ apmzl,bpnza”s,ab:al+pr>, s<m<r+s
if p=2 then r> 2.
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Groups of Type P

1<r<s<n,
Pm,,,,,,s=<a,b\ apmzl,bpnza”s,ab=31+pr>, s<m<r+s
if p=2 then r> 2.

p prime, G and H finite, metacyclic of type P. TFAE:
G=H.

QG = QH.
|G| = |H|, G/G = H/H and NCCCg = NCCCh.
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Groups of type N

max(rrm—1)<s<m<n+r,
Nm,n,r,s:<a,b|a2 =1,b :a2,ab:a_1+2>, 2 < min(n, r)

s<n+r—lorm=s.
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Groups of type N

max(rrm—1)<s<m<n+r,
Nm,n,r,s:<a,b|a2 =1,b :a2,ab:a_1+2>, 2 < min(n, r)

s<n+r—lorm=s.

Problem

|G|, G/G', NCC and NCCC are not enough!
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Example

G=N3433,H=N3423:
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Example

G=N3433,H=N3423:

QN3,4.3,3 = 4Q & 2Q(i) & 2Q(¢s) ® 2Q(C16)

@ H(Q) ® M2(Q) ® HQ(V2)) & M2(Q(i) ® M2(Q(vV2)) ® 4M2(Q((s))
QN3 .4,2,3 = 4Q ® 2Q(/) ® 2Q(¢s) @ 2Q(¢16)

@ H(Q) & Ma2(Q) & 2M2(Q(V-2)) & M2(Q(7)) & 4M2(Q(Gs)),
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Example

G=N3433,H=N3423:

QN3,4.3,3 = 4Q & 2Q(i) & 2Q(¢s) ® 2Q(C16)

@ H(Q) ® M2(Q) ® HQ(V2)) & M2(Q(i) ® M2(Q(vV2)) ® 4M2(Q((s))
QN3 .4,2,3 = 4Q ® 2Q(/) ® 2Q(¢s) @ 2Q(¢16)

@ H(Q) & Ma2(Q) & 2M2(Q(V-2)) & M2(Q(7)) & 4M2(Q(Gs)),

|Gl =|H|, G/G =H/H
NCC¢ = NCCy and NCCCg = NCCCh
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QG = QH = G = H for p-groups

G,H metacyclic finite p-groups. Then,

QG=ZQH <= G=H
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The general case. Hempel Classification 2001

7(G) = (p| |G| prime s.t. the Hall p’-subgroup is normal)
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7(G) = (p| |G| prime s.t. the Hall p’-subgroup is normal)
Sylow implies Hall

If G solvable, Hall subgroups exist and are conjugated.
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The general case. Hempel Classification 2001

7(G) = (p| |G| prime s.t. the Hall p’-subgroup is normal)
Sylow implies Hall
If G solvable, Hall subgroups exist and are conjugated.

o means {q |G| : a # p}.
G= G7r’ X Gﬂ—.
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The general case. Hempel Classification 2001

7(G) = (p| |G| prime s.t. the Hall p’-subgroup is normal)

Sylow implies Hall

If G solvable, Hall subgroups exist and are conjugated.
p means {q| |G| : g # p}.

G= Gy x G.

G nilpotent iff G = G;.
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The general case |l

QG = 7(G)??
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p-components

Definition (p-component of QG)
A p-component if deg(A) = p* and Z(A) C Q({pm), m > 0.
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G metacyclic, Fy = G,G3, the Frattini subgroup:

» 2€7(G) and

ez PH A

2—components

= 27p

pen(G) < |Gy [G:R]= Y dim(A)

p—component

In this case,

[GQ : Fg]@Gp = &) A

p—components 21
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Proof of the result for nilpotent groups

G,H metacyclic finite groups s. t. QG = QH, then 7(G) = w(H)
and for every p € w(G) we have G, = Hp,.
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The general nilpotent case

G, H finite nilpotent metacyclic. Then,

QG=ZQH <= G=H

23

Angel Garcia Blazquez Universidad de Murcia



000000000000 0000e

The End

Thank you very much for your attention. | will
be waiting for your questions during the break.

Angel Garcia Blazquez Universidad de Murcia
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